ABSTRACT. Revisiting a construction due to Vignéras, we exhibit small pairs of orbifolds and manifolds of dimension 2 and 3 arising from arithmetic Fuchsian and Kleinian groups that are Laplace isospectral (in fact, representation equivalent) but nonisometric.
developed by Conway to study the genus of a quadratic form in this language, and Laplace isospectral but nonisometric orbifolds arise when the (spinor) genus of an indefinite ternary quadratic form contains several distinct isometry classes. This description allows further generalizations to hyperbolic n-orbifolds and n-manifolds for n ≥ 4: see, for example, work of Prasad and Rapinchuk [69] .
Consequently, it is unfortunate that the literature surrounding these examples is plagued with errors. The original explicit example given by Vignéras is incorrect due to a computational error: it is erroneously claimed [81, p. 24 ] that 3 generates a prime ideal in Z [ √ 10] . This error was subsequently corrected by Vignéras in her book [82, IV.3 .E], however, the genus g of the Riemann surfaces (2-manifolds) obtained from this construction are enormous: we compute them to be g = 100801. The method of Vignéras was later taken up by Maclachlan and Reid [59, Example 12.4.8] , who modified it to produce a pair of surfaces with genus 29; due to a typo, it is incorrectly claimed that the genus of these 2-manifolds is 19. (Maclachlan and Reid also claim that the manifolds produced by this method tend to have large volume, and note that there is no estimate on the smallest volume of a pair of Laplace isospectral but nonisometric hyperbolic 3-manifolds [59, p. 392] .) Finally, in 1994, Maclachlan and Rosenberger [58] claimed to have produced a pair of hyperbolic 2-orbifolds of genus 0 with orbifold fundamental groups of signature (0; 2, 2, 3, 3). However, Buser, Flach, and Semmler [14] later showed that these examples were too good to be true and that such orbifolds could not be Laplace isospectral. In an appendix, Maclachlan and Rosenberger [14] give an arithmetic explanation of why their orbifolds were not Laplace isospectral: there is a subtlety in the embedding theory of orders in quaternion algebras called selectivity, first studied by Chinburg and Friedman [20] .
In this article, we correct these errors and exhibit pairs of orbifolds and manifolds of dimensions 2 and 3 with minimal area (genus) and volume within certain nice classes of arithmetic groups.
Dimension 2.
We begin with the case of dimension 2. A Fuchsian group Γ ≤ PSL 2 (R) acts properly discontinuously by isometries on the upper half-plane H 2 = {x + yi ∈ C : y > 0}. A Fuchsian group Γ ≤ PSL 2 (R) is arithmetic if it is commensurable with the image of the unit group of a maximal order in a quaternion algebra over a totally real field. A Fuchsian group is maximal if it so under inclusion, and by a result of Borel [7] , a maximal group is the normalizer of the group of totally positive units in an Eichler order. If Γ is an arithmetic Fuchsian group, then the orientable Riemann 2-orbifold X(Γ) = Γ\H 2 has finite area and is compact unless Γ is commensurable with PSL 2 (Z), in which case we instead compactify and take X(Γ) = Γ\H * 2 where H * 2 = H 2 ∪P 1 (Q) is the completed upper half-plane. We have that X(Γ) is a 2-manifold if and only if Γ is torsion free. (The orbifold X(Γ) can also be given the structure of a Riemann 2-manifold or Riemann surface with a different choice of atlas in a neighborhood of a point with nontrivial stabilizer, 'smoothing the corners' of the original orbifold; however, this procedure changes the spectrum.)
If Γ, Γ are arithmetic Fuchsian groups such that the 2-orbifolds X(Γ), X(Γ ) are Laplace isospectral but not isometric, then we say that they are an isospectral-nonisometric pair. The area of such a pair is the common area of X(Γ) and X(Γ ). In this paper, we will be concerned with isospectral-nonisometric pairs arising from maximal groups.
The Fuchsian group with smallest co-area is the arithmetic triangle group with co-area π/21 and signature (0; 2, 3, 7); it arises as the group of totally positive (equivalently, norm 1) units in a maximal order of a quaternion algebra defined over the totally real subfield F = Q(ζ 7 )
+ of the cyclotomic field Q(ζ 7 ). Normal subgroups of this group correspond to the Hurwitz curves, those (complex) curves with largest possible automorphism group for their genus.
Our first main result is as follows (Theorem 4.1).
Theorem A. The minimal area of a isospectral-nonisometric pair of 2-orbifolds associated to maximal arithmetic Fuchsian groups is 23π/6, and this bound is achieved by exactly three pairs, up to isomorphism.
Since (23π/6)/(π/21) = 80.5, the three pairs in Theorem A indeed have relatively small area; they all have signature (0; 2, 2, 2, 2, 2, 3, 4), so in particular the underlying Riemann surfaces have genus zero. These pairs are described in detail in Section 3: they arise from the method of Vignéras and hence are non-Sunada. The groups fall naturally into two Galois orbits: each Galois orbit arises from unit groups of maximal orders in a quaternion algebra defined over a totally real field F and the orbits correspond to the possible choices of the split real place: these two totally real fields F are Q( √ 34) (either choice of split real place gives an isomorphic pair) and the primitive totally real quartic field of discriminant 21200, generated by a root of the polynomial x 4 − 6x 2 − 2x + 2 (two different choices of four possible split real places yield pairs).
Our second result concerns manifolds (Theorem 5.5). Recall that the area A of a 2-manifold is determined by its genus g according the formula A = 2π(2g − 2). For this theorem, we turn to a different class of groups to suitably enrich the set of interesting examples. We say that an arithmetic Fuchsian group is unitive if it contains the group of units of reduced norm 1 and is contained in the group of totally positive units of an Eichler order, with equality in either case allowed. Unitive Fuchsian groups are not necessarily maximal-however, a maximal group properly containing a unitive Fuchsian group very often has torsion and so does not give rise to a 2-manifold.
Theorem B. The minimal genus of a isospectral-nonisometric pair of 2-manifolds associated to unitive Fuchsian groups is 6, and this bound is achieved by exactly three pairs, up to isomorphism.
We exhibit the pair of genus 6 manifolds achieving the bound in Theorem B in Example 5.2; they fall into one Galois orbit, defined over the totally real quartic field of discriminant 5744.
Dimension 3.
We now turn to analogous results in dimension 3, looking at Kleinian groups Γ ≤ PSL 2 (C) acting on hyperbolic 3-space H 3 = C × R >0 and their quotients X(Γ) = Γ\H 3 , which are complete, orientable hyperbolic 3-orbifolds. As opposed to the case of 2-orbifolds, by the Mostow rigidity theorem [63, 68] , hyperbolic volume is a topological invariant and so somehow measures topological complexity.
Gehring, Marshall, and Martin [39, 60] , after a long series of prior results, have identified the smallest volume hyperbolic 3-orbifold: it is a maximal arithmetic Kleinian group associated to a maximal order in the quaternion algebra over the quartic field F (generated by a root of x 4 + 6x 3 + 12x 2 + 9x + 1) of discriminant −275 ramified at the two real places. This orbifold has volume 275 3/2 ζ F (2) 2 7 π 6 = 0.03905 . . .
where ζ F (s) is the Dedekind zeta function of F ; its uniformizing group is a two-generated group obtained as a Z/2Z-extension of the orientation-preserving subgroup of the group generated by reflection in the faces of the 3-5-3-hyperbolic Coxeter tetrahedron. Chinburg and Friedman [18] had previously shown that it is the arithmetic hyperbolic 3-orbifold with smallest volume. The method of Vignéras, and in particular all of the examples of isospectral-nonisometric pairs produced in this paper, are more than just isospectral: they are in fact representation equivalent (see §2) and consequently strongly isospectral (isospectral with respect to all natural strongly elliptic operators, such as the Laplacian acting on p-forms for each p). Laplace isospectrality and representation equivalence are known to be equivalent for 2-orbifolds (see Remark 2.6) but it is already unknown for 3-manifolds. For the purposes of our algebraic techniques, it is preferable to work with the stronger condition of representation equivalence; accordingly, we say that a pair of arithmetic (Fuchsian or) Kleinian groups Γ, Γ are a representation equivalent-nonisometric pair if the orbifolds X(Γ), X(Γ ) are representation equivalent but not isometric.
We define a unitive Kleinian group analogously as for a Fuchsian group. To simplify our search in dimension 3, we restrict to unitive groups (see Remark 6.9 for the scope of the calculation required to extend this to maximal groups).
Theorem C. The smallest volume of a representation equivalent-nonisometric pair of 3-orbifolds associated to unitive Kleinian groups is 2.8340 . . . , and this bound is attained by a unique pair, up to isomorphism.
The pair achieving the bound in Theorem C is arises from a quaternion algebra defined over the sextic field F of discriminant −974528 generated by a root of x 6 − 2x 5 − x 4 + 4x 3 − 4x 2 + 1 and ramified only at the four real places of F : the volume is given exactly by the expression
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3/2 ζ F (2) 8π 10 = 2.8340 . . . .
The ratio 2.8340/0.03905 = 72.57 . . . shows that this pair is indeed comparably small as in the case of 2-orbifolds, contrary to common belief that the examples of Vignéras have large volume. For a complete description of this pair, see Example 6.1. Finally, we consider 3-manifolds. Gabai, Meyerhoff, and Milley identified the Weeks manifold as the lowest volume 3-manifold [37, 38] , following work of Chinburg, Friedman, Jones, and Reid [21] who showed it was the smallest arithmetic 3-manifold. It arises from a subgroup of index 12 in a maximal group associated to a maximal order in the quaternion algebra over the cubic field of discriminant −23 (generated by a root of x 3 − x + 1) ramified at the real place and the prime of norm 5, or equivalently is obtained by (5, 1), (5, 2) surgery on the two components of the Whitehead link. The Weeks manifold has volume 3 · 23 3/2 ζ F (2) 4π 4 = 0.9427 . . . .
(Minimal volume hyperbolic 3-orbifolds and manifolds were previously known to exist, but not explicitly, by a theorem of Jørgenson and Thurston [34, 45] .)
Theorem D. There exist representation equivalent-nonisometric (so isospectral-nonisospectral) 3-manifolds associated to torsion-free arithmetic Kleinian groups of covolume 39.2406 . . . .
This pair of manifolds is described in Example 6.3. This example is the smallest we found looking among 3-manifolds, but to check if it is indeed the smallest would require significant effort (because of its large volume; see Remark 6.12).
Summary. Our contributions in this article are as follows. First, we give a criterion which allows us to establish isospectrality for quaternionic Shimura varieties arising from maximal arithmetic groups, building on the foundational work of Vignéras [81] and generalizing work of Rajan [70] . This criterion allows more flexibility in considering Fuchsian and Kleinian groups to find the smallest examples. Second, following the strategy employed by many authors [1, 18, 21, 40, 59, 88] , we apply the volume formula due to Borel and discriminant bounds due to Odlyzko to reduce the question to a finite calculation. However, the simplest bounds one might obtain this way are far too large to be of practical use; we combine several additional constraints (some new, some old) that conspire together to whittle the bounds down to a still large but computable range. These methods allow us to list all arithmetic groups of bounded volume, in particular reproving the results of Chinburg and Friedman and Chinburg, Friedman, Jones, and Reid cited above, replacing technical lemmas with a sequence of algorithmically checkable bounds. We expect that this blend of ideas will be useful in other domains: they have already been adapted to the case of arithmetic reflection groups by Belolipetsky and Linowitz [6] . Finally, we use algorithms for quaternion algebras and arithmetic Fuchsian and Kleinian groups, implemented in MAGMA [8] , to carry out the remaining significant enumeration problem: we list the possible pairs and identify the ones of smallest area under congruence hypotheses for both orbifolds and manifolds in dimensions 2 and 3.
This paper is organized as follows. In section 1, we set up the basic notation and review the method of Vignéras. In section 2, we consider the subjects isospectrality and selectivity. In section 3, we exhibit the examples described in Theorem A. In section 4, we prove Theorem A and describe the computations involved. In section 5, we prove Theorem B. Finally, in section 6, we prove Theorems C and D.
We leave several avenues open for further work. First and foremost, it would be interesting to extend our results from maximal or unitive groups to the full class of congruence (arithmetic) groups; our general setup allows this more general class, but they are not included in our result because they require some rather more involved group-theoretic arguments as well as a treatment of selectivity that falls outside of the scope of this paper. Second, considering nonorientable isospectral orbifolds also promises to provide some intriguing small examples. Third, there is the case of higher dimension: one could continue with the extension of the method of Vignéras using quaternion algebras, but it is perhaps more natural to consider quotients of hyperbolic n-space for n ≥ 4, working explicitly instead with the genus of a quadratic form. Finally, it would be interesting to seek a common refinement of our work with the work of Prasad and Rapinchuk on weak commensurability [69] and its relationship to isospectrality.
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QUATERNIONIC SHIMURA VARIETIES
In this first section, we set up notation used in the construction of Vignéras [81, 82] ; see also the exposition by Maclachlan and Reid [59] . We construct orbifolds as quotients of products of upper half-planes and half-spaces by arithmetic groups arising from quaternion orders; for more on orbifolds, see e.g. Scott [72] or Thurston [79] . To be as self-contained as possible, and because they will become important later, we describe some of this standard material in detail. (For more detail on orders see Reiner [71] as well as work of Kirschmer and Voight for an algorithmic perspective on orders and ideals in quaternion algebras [49] .) Quaternion algebras and orders. Let F be a number field and let Z F be its ring of integers. A quaternion algebra B over F is a central simple algebra of dimension 4 over F , or equivalently an F -algebra with generators i, j ∈ B such that
with a, b ∈ F * ; such an algebra is denoted B = a, b F .
Let B be a quaternion algebra over F . Then B has a unique (anti-)involution : B → B called conjugation such that the reduced trace trd(α) = α + α and the reduced norm nrd(α) = αα belong to F for all α ∈ B.
Let K be a field containing F . Then B K = B ⊗ F K is a quaternion algebra over K, and we say
, then K splits B if and only if there exists an F -embedding K → B. Let v be a place of F , and let F v denote the completion of F at v. We say B is split at v if F v splits B, and otherwise we say that B is ramified at v. The set of ramified places of B is of finite (even) cardinality and uniquely characterizes B up to F -algebra isomorphism. We define the discriminant D of B to be the ideal of Z F given by the product of all finite ramified places of B.
An order O ⊂ B is a subring of B (with 1 ∈ O) that is finitely generated as a Z F -submodule, and an order is maximal if it is maximal under inclusion. By the Skolem-Noether theorem, two orders O, O are isomorphic if and only if there exists ν ∈ B × such that O = νOν −1 . The (reduced) discriminant d of an order O is the square root of the Z F -ideal generated by det(trd(γ i γ j )) i,j=1,...,4 for all γ 1 , . . . , γ 4 ∈ O. An order O is maximal if and only if d = D.
Quaternionic Shimura varieties. Let r and c be the number of real and complex places of F , respectively, so that [F : Q] = r + 2c = n. Suppose that B is split at s real places and is ramified at the remaining r − s places, so that Let H 2 = {z = x + iy ∈ C : Im(z) > 0} and H 3 = C × R >0 = {(z, t) : z ∈ C, t ∈ R >0 } be the hyperbolic spaces of dimensions 2 and 3, equipped with the metrics
respectively. Then the group PB
3 naturally (on the left) as orientation-preserving isometries. We will identify the group PB × + and its subgroups with their images via ι. Now let O(1) ⊆ B be a maximal order, and let Γ be a subgroup of PB × + commensurable with PO(1)
c is a discrete arithmetic subgroup acting properly discontinuously on H; accordingly, the quotient X = X(Γ) = Γ\H has the structure of a Riemannian orbifold, a Hausdorff topological space equipped with an orbifold structure (locally modelled by the quotient of R n by a finite group). The orbifold X has dimension m = 2s + 3c and is compact except if B ∼ = M 2 (F ), in which case we write instead X(Γ) = Γ\H * where H * = H∪P 1 (F ). If Γ is torsion free, then Γ acts freely on H and X = Γ\H is a Riemannian manifold.
The heart of the construction of Vignéras is to compare such quotients arising from orders that are locally isomorphic but not isomorphic. This situation is most compactly presented by employing adelic notation. Let Z = lim ← −n Z/nZ be the profinite completion of Z. We endow adelic sets with hats, and where applicable we denote by the tensor product with Z over Z. For example, the ring of adeles of
The group Γ is maximal if it is maximal under inclusion. In this paper we pursue the simplest examples and so we will be consider the class of maximal groups. However, in this section, we find it natural to work with a larger class of groups: Γ is congruence if Γ contains a It follows from Lemma 1.4 that if Γ is maximal then Γ is congruence. Accordingly, for the rest of this section, we assume that Γ is congruence. (One can always replace a general group Γ with its congruence closure Γ = Γ ∩ B × .) Consider the double coset
where B × + acts on H via ι and on B × / Γ by left multiplication via the diagonal embedding; we call X Sh the quaternionic Shimura variety associated to B of level Γ.
We have a natural (continuous) projection map
We suppose now and throughout that s + c > 0, so B has at least one split real or (necessarily split) complex place; this hypothesis is also known as the Eichler condition. (In the excluded case s + c = 0, the field F is totally real, B is a totally definite quaternion algebra over F , and the associated variety X Sh is a finite set of points.) Under this hypothesis, by strong approximation [82, Theorème III.4.3] , the reduced norm gives a bijection
where Cl Γ is a class group of F associated to Γ. The group Cl Γ is a finite abelian group that surjects onto the strict class group Cl + Z F , the ray class group of Z F with modulus equal to the product of all real (infinite) places of F ; by class field theory, Cl + Z F is the Galois group of the maximal abelian extension of F which is unramified at all finite places. Thus, the space X Sh is the disjoint union of Riemannian orbifolds of dimension m = 2s + 3c indexed by Cl Γ , which we identify explicitly as follows. Let the ideals b ⊆ Z F form a set of representatives for Cl Γ , let b = b⊗ Z Z, and let β ∈ Z F generate b so β Z F ∩Z F = b. For simplicity, choose b = Z F and β = 1 for the representatives of the trivial class. By strong approximation (1.6), there exists β ∈ B × such that nrd( β) = b. Therefore
We have a map
is a connected orbifold of dimension m. We abbreviate X(Γ) = X(Γ (1) ) for the trivial class. Putting these together, we have an isomorphism of orbifolds
i.e., a homeomorphism of the underlying topological spaces that preserves the orbifold structure.
Having made this decomposition, will see in Section 2, following Vignéras, that the connected orbifolds X(Γ b ) in (1.8) are in some cases isospectral and nonisometric. To that end, we now turn to a class of these orbifolds which will be the primary objects of interest. 
nrd(γ) = 1} be the group of units of O of reduced norm 1; further, let
In this situation, we define three arithmetic groups and their quotients as follows:
We identify these groups with their images in PGL
c via ι, as before. We have the inclusions
and hence finite surjective morphisms (1.10)
An arithmetic Fuchsian group Γ is maximal if it is not properly contained in another (arithmetic) Fuchsian group. Borel characterized the maximal arithmetic groups in terms of the above data as follows.
Remark 1.11. When s > 1, one can consider slightly larger orientation-preserving groups by requiring not that the elements γ are totally positive but rather that N F/Q (nrd γ) > 0; this class makes for more complicated notation, but can be defined analogously. In this paper, we have s ≤ 1, so this more nuanced class of groups does not arise. Similarly, if s > 1 or c > 1, then the full (orientation-preserving) isometry group of H contains maps permuting the factors; for the same reason, these groups do not arise here. Many authors restrict to the class of groups we consider here, but the more general groups may still give interesting examples in other contexts. 
an elementary abelian 2-group; the rank of this group is at most r + c, and it is at most r + c − 1 if F has a real place. If further F is totally real, then
Proof. By strong approximation, the map nrd :
F is surjective with kernel identified with Γ 1 .
The normalizer N (O) and its corresponding arithmetic group Γ * are a bit more complicated but will feature prominently in our analysis of 2-orbifolds. An element α ∈ B × belongs to the normalizer α ∈ N (O) if and only if αO = Oα if and only if OαO is a principal two-sided fractional O-ideal. Indeed, the map from the normalizer N (O) to the set of principal two-sided O-ideals given by α → OαO is surjective with kernel O × ; the map restricted to elements with positive reduced norm has kernel O × + . We describe the principal two-sided ideals by describing the locally principal ideals and identifying the corresponding ideal classes by strong approximation. We write a d, and say a is a unitary divisor of d, if a | d and a is prime to da −1 . We also define
For example, if Cl
. The subgroup (Cl Z F ) [2] + is the largest subgroup of (Cl Z F ) [2] that splits as a direct summand in the natural projection map
an elementary abelian 2-group with rank at most ω(d) + h 2 where ω(d) = #{p : p | d} and
The quotient Γ * /Γ 1 is an elementary abelian 2-group of rank at most r +c+ω(d)+h 2 in general and
taking norms shows that γ is totally positive. For the second statement, we note further that 
However, the image of F × consists of all principal ideals, so the class of c is only well-defined in Cl Z F , and thus belongs to (Cl Z F ) [2] + , as claimed. Remark 1.18. Proposition 1.16 corrects Exercise III.5.4 in Vignéras [82] .
In this situation, the decomposition (1.8) has an alternate description via class numbers. Two right fractional O-ideals I, J are narrowly isomorphic (resp. isomorphic) if there exists α ∈ B × + (resp. α ∈ B × ) such that αI = J. The set of narrow isomorphism classes of locally principal right fractional O-ideals is denoted Cl + O and called the narrow class set of O; we have a canonical bijection B
We similarly define the class set
. Now the reduced norm (1.6) gives a bijection nrd : Cl
to the narrow ideal class group of F and similarly Cl(O)
, the ideal class group of F with modulus given by the set of all real places of F ramified in B. Note that Cl
Therefore, the decomposition (1.8) in the case Γ = Γ + 0 (N) becomes:
where
A similar analysis (with another application of strong approximation) shows that X 1 is also a union indexed by Cl + (Z F ). The Shimura variety associated to Γ * is instead described by type numbers. For each representative β corresponding to an ideal b as in (1.7), the order
There is a bijection between the set of narrow isomorphism classes of orders locally isomorphic to O and the set
we call T + (O) the set of narrow types of O and t + (O) = #T + (O) the narrow type number. In a similar way, we define the set of types T (O) and the type number t(O) = #T (O).
Remark 1.19. The preceding results on type numbers and class numbers can also be phrased in the language of quadratic forms. Indeed, there is a functorial, discriminant-preserving bijection between twisted similarity classes of ternary quadratic modules over Z F and isomorphism classes of Z F -orders in quaternion algebras obtained from the even Clifford algebra [87] . Importing this language, we say also that the genus of an order O consists of all orders locally isomorphic to O, and the type set T (O) represents the isometry classes in the genus.
We have a surjective map from Cl
, so each isomorphism class of Eichler orders is represented at least once among the set of orders O b ; strong approximation now gives a bijection
where Cl Γ * is the quotient of Cl + (Z F ) by the subgroup generated by the squares Cl + (Z F ) 2 and the set {[a] : a d} of classes of unitary divisors of the discriminant. (Note the relationship of this statement to Proposition 1.16.) Similarly, T (O) is in bijection the quotient of Cl (+) (Z F ) by the subgroup generated by Cl (+) (Z F ) 2 and the set {[a] : a d}. In particular, the narrow type number and the type number are a power of 2, and the orbifold X * is a disjoint union (1.8)
indexed by the type set (in bijection with a more complicated class group), where
We summarize this derivation in the following proposition.
The set T (O) of narrow isomorphism classes (resp. isomorphism classes) of orders locally isomorphic to O is in bijection with Cl Γ * (resp. Cl
) by the subgroup generated by the squares and the set {[a] : a d} of classes of unitary divisors of the discriminant d.
Volume formula. The formula for the volume of arithmetic quotients will be a key ingredient in our proof. The formula is due to Borel [7, 7.3 
and the hyperbolic volume is normalized as in (1.3). Note that as the right-hand side of this formula is independent of the choice of Eichler order O, so every connected orbifold in the decomposition of X Sh (Γ 1 ) has the same volume vol(X 1 ). The volume of an arithmetic Fuchsian group commensurable with Γ 1 can be computed using (1.21), scaled by the index of the group with respect to Γ 1 . By Theorem 1.12, Proposition 1.20, and the accompanying discussion, for the maximal arithmetic Fuchsian groups Γ * we have Finally, in the case where the dimension m = 2, so that r = n − 1 and s = 0, the volume (now area) is determined by discrete invariants of the Fuchsian group: by the Riemann-Hurwitz formula, we have
if Γ has k elliptic cycles of orders e i < ∞ and t parabolic cycles; and then Γ has signature (g; e 1 , . . . , e k ; t) and a presentation
is the commutator.
ISOSPECTRALITY AND SELECTIVITY
Continuing with the previous section, we relate the spectral properties of quaternionic Shimura varieties to the arithmetic properties of the corresponding quaternion orders; in particular, we describe the phenomenon of selectivity.
Representation equivalence. Let X be a connected, compact Riemannian manifold. Associated to X is the Laplace operator ∆, defined by ∆(f ) = − div(grad(f )) for f ∈ L 2 (X) a squareintegrable function on X. The eigenvalues of ∆ on the space L 2 (X) form an infinite, discrete sequence of nonnegative real numbers
called the spectrum of X. We say that the Riemannian manifolds X, X are isospectral if they have the same spectrum. Let G be a Lie group. Then there exists a unique (up to scalar) bi-invariant Haar measure on G. For g ∈ G we denote by R g the right translation operator on Γ\G. Let Γ ≤ G be a discrete cocompact subgroup and let L 2 (Γ\G) be the space of square integrable functions on Γ\G with respect to the projection of the Haar measure of G. We define the quasi-regular
The quasi-regular representation ρ Γ is unitary. Now let Γ, Γ ≤ G be discrete cocompact subgroups. We say that Γ, Γ are representation equivalent if there exists a unitary isomorphism T :
The following criterion for isospectrality was proven by DeTurck and Gordon [30] . Theorem 2.2 (DeTurck-Gordon). Let G be a Lie group which acts on a Riemannian manifold M (on the left) by isometries. Suppose that Γ, Γ ≤ G act properly discontinuously on M . If Γ and Γ are representation equivalent in G, then X = Γ\M and X = Γ \M are isospectral. Remark 2.3. The conclusion of Theorem 2.2 can be strengthened to imply that X and X are strongly isospectral: the eigenvalue spectra of X and X with respect to any natural, self-adjoint elliptic differential operator coincide, e.g., the Laplacian acting on p-forms.
All of the orbifolds which will be constructed in this paper will be shown to be isospectral by employing Theorem 2.2. As our construction is arithmetic in nature, it will be important to have an arithmetic means of proving representation equivalency; for this, we first translate representation equivalence into a statement about conjugacy classes in the group.
For γ ∈ Γ, we define the weight of the conjugacy class γ Γ to be w(γ Γ ) = vol(C Γ (γ)\C G (γ)) (with respect to the Haar measure), where C Γ (γ) denotes the centralizer of γ in Γ. Now for g ∈ G, we have
as a (possibly empty) disjoint union of conjugacy classes in Γ; we call γ Γ i a conjugacy class of g in Γ, and we accordingly define the weight of g G over Γ to be the multiset of weights {w(γ [81, Corollaire 5] ). Suppose that for all g ∈ G, the weight of g G over Γ is equal to the weight of g G over Γ . Then Γ and Γ are representation equivalent.
Proposition 2.5 is a direct consequence of the Selberg trace formula.
Remark 2.6. In fact, in dimension 2, a converse holds: the spectrum (2.1) of a 2-orbifold determines, and is determined by, the area, the number of elliptic points of each order, and the number of primitive closed geodesics of each length. This result was proven by Huber [47] for hyperbolic 2-manifolds and generalized by Doyle and Rossetti [32, 33] to non-orientable 2-orbifolds.
Whether the converse is true in higher dimension remains open; however, from the point of view of the algebraic techniques brought to bear on this problem, we prefer to work with representation equivalence rather than Laplace isospectrality.
Conjugacy classes via double cosets. We now recast the hypothesis of Proposition 2.5 in our situation in terms of certain embedding numbers of quadratic rings into quaternion orders. We retain the notation from Section 1.
we study the conjugacy classes of g in Γ. Let F [g] be the F -algebra generated by g; this algebra is well-defined as it does not depend on the choice of representative of the class of g in B × . First, if g ∈ F × so represents the trivial class, then g is alone in its conjugacy class and
Then without loss of generality we may assume g ∈ Γ.
be the set of such conjugating elements. Then the map
is well-defined and bijective by definition. Next, we compare this double coset with its adelization. We consider the set
(The set E has the structure of a group, but it is the set of double cosets K × \ E/ Γ that we will ultimately be interested in, and multiplication does not distribute over these double cosets.) Not every element of E gives rise to an element of E. However, we continue to assume, as in Section 1, that B has at least one split infinite place and thus satisfies the Eichler condition.
Let
The reduced norm
partitions the set E/ Γ into finitely many classes; for [b] ∈ Cl(Γ), write
so that the fibers of nrd are the cosets E b / Γ.
Proof. Since Γ is an open subgroup of B × , by strong approximation (1.6) the map
is a bijection, and so µ Γ = µ Γ with µ ∈ B × if and only if nrd( µ) ∈ F × (+) nrd( Γ), as claimed.
So by Lemma 2.8, the elements of E × / Γ that are representable by a class from E are those that belong to the trivial fiber E (1) / Γ.
Many of the fibers are naturally in bijection, as follows.
. Then there is a bijection
Proof. The element β ∈ K × commutes with g, so
The inverse is given by left multiplication by β −1 .
By class field theory, the Artin map gives a surjection
Therefore, the map (2.10)
either surjective or the image is half the size, and accordingly the fibers E b are in bijection with E (1) as in Lemma 2.9 for half or all of the fibers. On the one hand, if ν ∈ E b , then the map µ → ν µ induces a bijection (2.11)
On the other hand, if Γ = β −1 Γ β, and we define
identifying the fibers E c / Γ and E cb / Γ , the latter defined in the obvious way.
Putting together these bijections, we obtain the following result.
Proposition 2.13. Let g ∈ Γ and Γ = β −1 Γ β ∩ B × . Then the set g B × ∩ Γ is nonempty for half or all of classes Γ in the genus of Γ, and the set is in natural bijection with g B × ∩ Γ whenever it is nonempty.
Proof. To be completely explicit: we combine (2.7) and Lemma 2.8 to obtain bijections
now the bijections (2.11)-(2.12) combine to give
and one of the latter two sets is nonempty if and only the other is. Reversing the first string of bijections for Γ instead, the result follows. The statement about halves follows from the Artin map (2.10).
Remark 2.14. It is tempting to conjecture that g B × ∩ Γ is empty for exactly the half of classes Γ for which
, and it appears that this is consistent with known results.
We summarize the preceding discussion with the following proposition.
Proposition 2.15. Let Γ, Γ be locally isomorphic congruence groups in B. Let g ∈ B × . Then the weight of g B × over Γ is equal to the weight of g B × over Γ if and only if the following condition holds:
Proof. The statement about weights includes also a statement about volumes: but the natural bijection identifies the two volumes as well. 
Theorem 2.17 reduces the problem of determining the isospectrality of orbifolds to ruling out selectivity, a problem we now turn to.
Selectivity. A problem of fundamental importance in the development of class field theory was the determination of the field extensions of F that embed into a central simple F -algebra. This problem was elegantly solved by the theorem of Albert, Brauer, Hasse, and Noether, which we state only for the case of quaternion algebras where n = 2. In our application, we require an integral refinement of this theorem. It was first noted by Chevalley [17] that in certain situations it was possible for Z L to embed into some, but not all, maximal orders of B. Much later, Chinburg and Friedman proved a generalization of Chevalley's theorem, considering arbitrary commutative, quadratic Z F -orders R and broadening the class of quaternion algebras considered to those satisfying the Eichler condition. Their result was subsequently generalized to Eichler orders (independently) by Chan and Xu [15] and Guo and Qin [46] . (More recently, Linowitz has given a number of criteria [53] which imply that no quadratic Z F -order is selective with respect to the genus of a fixed order O ⊂ B; we refer to this work for further reference.) Theorem 2.19 (Chan-Xu, Guo-Qin). Let B be a quaternion algebra over F that satisfies the Eichler condition. Let O be an Eichler order of level N and let R ⊂ O be a quadratic Z F -order with field of fractions L. Then every Eichler order of level N admits an embedding of R unless both of the following conditions hold:
(1) The algebra B and the extension L/F are both unramified at all finite places and ramify at exactly the same (possibly empty) set of real places; and (1) and (2) There is a further statement describing exactly when R is selective for Eichler orders O, O in terms of a distance ideal; we will not make use of this refinement here.
Finally, we have further criteria for the existence of an embedding of a conjugacy class into a maximal arithmetic group. This was provided in detailed work by Chinburg and Friedman [20, Theorem 4.4] . For an element g ∈ B × , we define disc(g) to be the discriminant of the reduced characteristic polynomial of g. Theorem 2.20. Let F be a number field and B be a quaternion algebra defined over F of discriminant D. Assume that B satisfies the Eichler condition. Let O ⊂ B be an Eichler order of level N and let Γ * be the associated group as defined in (1.9). Suppose that g ∈ B × . If a conjugate of the image g ∈ B × /F × of g is contained in Γ * then the following three conditions hold:
If a prime p of F appears to an odd power in the prime ideal factorization of nr(g) (that is, g is odd at p) then p | DN. (c) For each prime p dividing N at least one of the following hold: 
Suppose now that (a)-(f) hold. In this case the type set of Γ * contains an even number of elements, exactly half of which contain a conjugate of g.
Isometries.
To conclude this section, we prove two propositions that characterize isometry and isospectrality in this context, complementing Theorem 2.17. By the Selberg trace formula, we know that X(Γ) and X(Γ ) are length isospectral: that is, the set of lengths of closed geodesics on X(Γ) and X(Γ ) (with multiplicity) coincide. Let L(X(Γ)) denote the length spectrum of X(Γ), and let QL(X(Γ)) denote the rational length spectrum of X(Γ), namely, the set of all rational multiples of the lengths in L(X(Γ)) (again, with multiplicity). If Γ 0 ≤ Γ is a torsion-free subgroup of finite index, then QL(X(Γ 0 )) = QL(X(Γ 0 )). So to prove the claim, it suffices to show that the commensurability class of a hyperbolic 2-or 3-manifold is determined by its rational length spectrum. This was proven by Prasad and Rapinchuk [69] for arithmetic hyperbolic manifolds of even dimension and by Chinburg, Hamilton, Long, and Reid [19] for arithmetic hyperbolic 3-manifolds.
For the second statement, using the first we may assume that B = B ; we will show then that Γ, Γ are locally isomorphic. By hypothesis, there are groups Γ 1 ≤ Γ and Γ 1 ≤ Γ which arise from Eichler orders O, O of levels N, N in B; we may assume that Γ 1 , Γ 1 are maximal such groups without loss of generality. Now the groups Γ 1 and Γ 1 have X(Γ 1 ) and X(Γ 1 ) are Laplace isospectral, because we are restricting to conjugacy classes with determinant 1.
We now show that in fact Γ 1 ∼ = Γ 1 , which is the same as showing that the Eichler orders O, O have the same level N = N as any two Eichler orders of the same level are locally isomorphic. Suppose that there exists a prime p such that e = ord p N = ord p N = e . By local theory, a quadratic order R = Z F [g] Z F (with N (g) = 1) embeds in the completion O p if and only if the minimal polynomial of g has a root modulo p e . Since e = e , by local approximation there exists a quadratic order R such that S embeds in O but S does not embed in O; we may further suppose that there is no selectivity for R by Theorem 2.19, asking that R is ramified at a finite place. But if we now consider the associated conjugacy class of g, since X(Γ), X(Γ ) are Laplace isospectral, we have a contradiction, as the conjugacy class of g meets Γ but not Γ .
To conclude, once we know that Γ 1 ∼ = Γ 1 , if Γ, Γ are maximal groups then necessarily Γ ∼ = Γ by uniqueness of the maximal group. If instead Γ, Γ are merely unitive, then it suffices to show that a square class u ∈ R × /R ×2 occurs in nrd(Γ) if and only if it occurs in nrd(Γ ), and this follows as the determinant can be read off of the conjugacy class. (It is here where we need representation equivalent groups, not merely Laplace isospectral groups.) Remark 2.22. To prove the more general statement (without the hypothesis on the dimension), we would need to know an analogous statement that the rational length spectrum determines the commensurability class. To our knowledge, this is open already in the case where G = PGL 2 (R)× PSL 2 (C).
c . Then X(Γ), X(Γ ) are isometric if and only if there exists a permutation σ of the factors of G, a Q-algebra isomorphism τ : B → B and ν ∈ G such that the diagram
commutes, where ν acts on G by conjugation. If further F = F and B = B and ι = ι , then we may take ν ∈ ι(B × ).
Proof. First, we argue that we may suppose without loss of generality that B = B and F = F by applying a Q-algebra isomorphism. In one direction, such an isomorphism is supplied, and in the other direction when X(Γ), X(Γ ) are isometric, then they are isospectral and we may apply the first statement in Proposition 2.21. Under this assumption, the two embeddings ι, ι are conjugate by the Skolem-Noether theorem, so we may assume that ι = ι . Now suppose that X(Γ), X(Γ ) are isometric. This isometry preserves the product decomposition of H up to permutation of factors, so after applying such a σ we may assume that it does so; then we have Γ = νΓ ν −1 for some ν ∈ ι(B × ) again by the Skolem-Noether theorem, and the result is proved.
ISOSPECTRAL BUT NOT ISOMETRIC HYPERBOLIC 2-ORBIFOLDS: EXAMPLES
In this section, we exhibit isospectral but not isometric hyperbolic 2-orbifolds with volume 23π/6 and signature (0; 2 5 , 3, 4). As explained in the introduction, these orbifolds have covering groups which are maximal congruence Fuchsian groups and do not arise from Sunada's method. Our computations are performed in MAGMA [8] . , and the group Cl + Z F is generated by b, since √ 34+5 has norm N ( √ 34+5) = −9 < 0 and hence b is not generated by a totally positive element.
Let B be the quaternion algebra over F which is ramified at the unique prime p = (2, √ 34) = ( √ 34+6) of norm 2, one of the two real places, and no other places. Each choice of split real place will yield a pair of isospectral orbifolds, but it will turn out that these two choices yield the same pair of orbifolds up to isometry. So we take the split real place to correspond to the embedding with positive square root √ 34 → 5.8309518 . . .. Then B has discriminant D = p and we take
, so that B is the F -algebra generated by i, j satisfying
as in (1.1). We embed
We compute [85] a maximal order O of B as
The order O has discriminant d = p. The class group with modulus equal to the ramified real place of B is Cl 
As in (1.9), let Γ 
From Lemma 1.14, we have Γ 
We compute that Γ * i has signature (0; 2 5 , 3, 4) and area 23π/6. By Theorem 1.12, the groups Γ * i are maximal arithmetic Fuchsian groups. We have a decomposition (1.8)
. We compute fundamental domains [86] for these groups in the unit disc, giving explicit presentations for the group and verifying the signature: they are given in Figure 3 .2. In these figures:
• a representative of each elliptic cycle is numbered with the size of its stabilizer group;
• an unlabeled side is paired together with its image under complex conjugation;
• labeled sides are paired together with labels a, b, .... These domains are computed as Dirichlet domains with centers p 1 = √ −1/3 and p 2 = √ −1/2, respectively, corresponding to the origin in the unit disc.
By Theorem 2.20, the groups Γ i are not selective, since B is ramified at p. We conclude using Theorem 2.17 that the hyperbolic 2-orbifolds X(Γ * 1 ) and X(Γ * 2 ) are isospectral but not isometric. Finally, the same construction works with the other choice of split real place ( √ 34 → − √ 34). However, if we apply the nontrivial Galois automorphism σ : F → F to the data above, then we find a pair of fundamental domains that are identical to the ones in Figure 3. 2. This is explained by the theory of canonical models of Shimura curves, due to Shimura [76] and Deligne [29] : the (disconnected) curve X(Γ * ) is defined over F (the two individual components are defined and conjugate over the Hilbert class field H = F ( √ u)), but since the quaternion algebra B has discriminant p and σ(p) = p, the curve X(Γ * ) descends to Q. See work of Doi and Naganuma [31] for more discussion of this point. Put another way, the commensurability class of an arithmetic Fuchsian group is determined by the isomorphism class of the quaternion algebra B as an algebra over Q [80, Proposition 1], [59, Theorem 8.4.7] : in this case, the nontrivial Galois automorphism of F identifies the two algebras, so the two groups are commensurable and consequently isomorphic.
Pairs 2 and 3. Our second and third pairs come from the same Galois orbit.
Let F be the totally real quartic field of discriminant 21200 = 2 4 5 2 53
. The Galois group of F is S 4 . The class group of F is trivial and the narrow class group of F is Cl + Z F ∼ = Z/2Z with nontrivial class represented by b = (w − 1) of norm N b = 5. The unit group of Z F is generated by −1, w + 1, w 2 + 2w − 1, 3w
, generated by u = 3w 2 + w − 1. Let B be the quaternion algebra over F which is ramified at the unique prime p = (w) of norm 2, and three of the four real places. Specifically, we order the roots of f as −2.1542 . . . , −0.8302 . . . , 0.4394 . . . , 2.5450 . . . and we take the split real place correspond to either the third or the fourth root. We will show calculations for the third root; the other calculation follows similarly. Then B = −1, b F where
we have N (b) = −2 and b is positive in the split embedding and negative in the ramified embeddings. We take an embedding B → R analogous to (3.1).
We compute a maximal order as
The class group with modulus equal to the product of the three ramified real places of B is Cl (+) Z F = Cl + Z F ∼ = Z/2Z; this is true for split places 3 and 4 above, but not for the choices 1 and 2 (where the corresponding class group is trivial). The second isomorphism class of orders is represented by
We compute again that vol(X(Γ i )) = 46π/3. We find the containment Γ [2] + is trivial, so we have Γ + i < Γ * i with index 2 and the quotients are generated respectively by α 1 = w 2 i + (−w 2 + 1)ij
We compute that Γ * i has signature (0; 2 5 , 3, 4) and area(X(Γ * i )) = 23π/6. We compute a fundamental domain for these groups in Figure 3 .3 with centers p 1 = √ −1/5, p 2 = 12 √ −1/11 (and Figure 3 .4 for the other choice of split real place, with p 1 = 2 √ −1/15 and p 2 = √ −1/2). As with the first pair, by Theorem 2.20, the groups Γ i are not selective, since B is ramified at p. We conclude using Theorem 2.17 that the hyperbolic 2-orbifolds X(Γ * 1 ) and X(Γ * 2 ) are isospectral but not isometric.
Here, there is no Galois descent of the curves: the quaternion algebras with split real places 3 and 4 over Q are not isomorphic. Indeed, if they were, then a Q-isomorphism would have to preserve the center F and hence would be a Galois automorphism; but F is not Galois, so this map is the identity, so the isomorphism is an F -isomorphism but this contradicts the fact that the algebras have ramification sets at infinity.
A near-miss pair with slightly larger area. We conclude this section by presenting an example with slightly larger area but a normalizer coming from the group (Cl Z F [2]) + . and the split real place corresponding to √ 51 → 7.141428 . . .. We take B = −1,
We find a maximal order O of B as simply
The class group with modulus equal to the ramified real place of B is equal to 2 ). The groups Γ * i have further index 2: now, p does not belong to the narrow principal class, and so is not a square, but b lifts to an element of order 2 in Cl + Z F so yields an element of (Cl Z F )[2] + : we find e.g. the normalizing element α 1 = w − 6 2 + −2w + 15 2 i + (−3w + 21)ij of norm 3. We compute fundamental domains for these groups in Figure 3 .6: they have area 13π/2 > 23π/6. If the ideal p had belonged to the principal narrow class, then this would have given a pair with smaller area 13π/4 < 23π/6. 
The smallest Sunada pairs? To conclude this section, we relax our requirement that the group be maximal and ask more broadly for the smallest arithmetic isospectral pair-here, we have some small examples that arises from the construction of Sunada [78] . A small isometric-nonisomorphic pair of 2-orbifolds was found by Doyle and Rossetti [33, Section 2]: they claim "this is likely the simplest pair of isospectral hyperbolic polygons, both in having the smallest number of vertices and having the smallest area"; their construction is a variation on the famous example of Gordon, Webb, and Wolpert [44] .
The construction runs as follows. They consider the triangle group ∆ = ∆(3, 4, 6) = δ 3 , δ 4 , δ c | δ Proof. We see directly from the construction that the largest normal subgroup Π ∆ contained in Γ ∩ Γ corresponds to an (orbifold) Galois covering of X(Π) → X(∆) with Galois group PSL 2 (F 7 ), the simple group of order 168. Suppose that Γ, Γ are congruence, containing the principal congruence subgroup Γ(N) for some ideal
If we write N = Mp e with N p = 2 as above, then we have
where H is a solvable group, and so we have a surjective map
By the Chinese remainder theorem, we have
, and by the theory of finite simple Lie groups, one obtains PSL 2 (F 7 ) as a quotient of one of these factors if and only if it is a factor of GL 2 (Z F /q) for some q if and only if there is a prime q ⊂ Z F with Nq = 7. Alas, there is not: 6 ≡ −1 (mod 7) so (7) is inert in Z F , and we have only a prime of norm 7 2 = 49.
We also find a small example of a torsion-free arithmetic isospectral nonisometric pair, due to Brooks and Tse [10] : again following Sunada, inside a group with signature (1; 7), they find torsion-free, index 7 subgroups with signature (4; −). We verify that the signature (1; 7) is arithmetic (see e.g. the full treatment of (1; e)-groups by Sijsling [77] ). Buser [13, Chapter 12] gives an infinite family of Riemann surfaces of genus g ≥ 4 giving rise to nonisospectral 2-manifolds. We do not know if there are any isospectral-nonisometric pairs of 2-manifolds in genus 3 (arithmetic or not), and we have reason to believe that there are no such examples in genus 2.
ISOSPECTRAL BUT NOT ISOMETRIC HYPERBOLIC 2-ORBIFOLDS: PROOFS
We now prove that the three pairs with area 23π/6 given in Section 3 are minimal (Theorem A).
Theorem 4.1. The minimal area of an isospectral-nonisometric pair of 2-orbifolds associated to maximal arithmetic Fuchsian groups is 23π/6, and this bound is achieved by exactly three pairs, up to isomorphism.
The rest of this section will be devoted to the proof of Theorem 4.1. The proof of Theorem 4.1 consists of three steps.
(1) First, we show that there are only a finite number of totally real fields F which can support a quaternion algebra B and an Eichler order O ⊂ B with corresponding maximal Fuchsian group of coarea at most 23π/6. In particular, we obtain an explicit upper bound for the root discriminant
F of such a field F , and we enumerate all such fields. Enumerating fields (1) . To begin, we show that there are only a finite number of totally real fields F which can support a quaternion algebra and an Eichler order with corresponding maximal Fuchsian group of coarea at most 23π/6.
We continue with the notation from Section 1. In particular, let F be a totally real field of degree n = r, let B be a quaternion algebra over F split at s = 1 real place with discriminant D, and let O = O 0 (N) ⊂ B be an Eichler order of (squarefree) level N and discriminant d = DN.
The formula (1.21) for the volume (area) in this case reads
Suppose now that area(X * ) ≤ 23π/6. (Our arguments work as well with a different bound on the area.) Then the formula (1.25) for the co-area of a Fuchsian group in terms of its signature implies that Γ * is allowed to have one of only finitely many possible signatures and among these at most 2(23/6 + 2 − 2g) = 11 − 4g conjugacy classes of elliptic cycles of even order. Therefore, from the presentation (1.26), the maximal abelian quotient (Γ * ) ab modulo squares has 2-rank at most (11 − 4g) + 2g − 1 = 10 − 2g ≤ 10. From the trivial estimate ζ F (2) ≥ 1, we find 23π
F is the root discriminant of F . But now by the (unconditional) Odlyzko bounds [64] (see also Martinet [61] ), if F has degree n ≥ 13 then δ F ≥ 16.104; but this contradicts (4.5), which insists that δ F ≤ 15.933. So we conclude that n ≤ 12.
We now refine this rough bound for these smaller degrees. Let 
By multiplicativity and the facts that Φ(p)/2 = 1/2, 1, 1 for N p = 2, 3, 4, respectively, and Φ(p)/2 ≥ 2 for N p ≥ 5, we find that
By the Euler product expansion
, convergent for Re s > 1, we have
.
Combining these with (4.3) we get
We now use (4.10) together with two arguments to find tighter bounds. The first of these arguments is the theorem of Armitage and Fröhlich [3] , giving the inequality
The second is a refinement of the Odlyzko bounds that utilizes the existence of primes of small norm, due to Poitou [67] and further developed by Brueggeman and Doud [11] .
We show how these arguments can be used to show that n ≤ 9.
Lemma 4.11. We have n ≤ 9.
Proof. Suppose that n = 10; the proofs for n = 11, 12 are easier. Our original bound (4. 
If ω 2 (D) = 0 then this yields δ F ≤ 13.909; however, Voight [83] has shown that there is no totally real field of degree 10 with root discriminant ≤ 14, a contradiction. If ω 2 (D) = 1, then by the Odlyzko-Poitou bounds, we find that δ F ≥ 15.093 and this contradicts (4.12) which insists δ F ≤ 14.299. We similarly find contradictions for ω 2 (D) = 2 and then for ω 2 (D) ≥ 3.
We repeat this argument with the degrees 2 ≤ n ≤ 9, extending the Odlyzko-Poitou bounds as needed [11, Theorem 2.4] . We illustrate the iterative derivation of these bounds with the case n = 5. So to summarize, we have h 2 ≤ 1 and m ≤ 3 and ω 2 (D) ≤ 3, and consequently the bound (4.10) reads δ F ≤ 17.891.
Suppose that h 2 = 1. Recall that equality holds in the bound (4.6) only if each of the prime divisors of D belong to the square of a class in Cl + Z F , and hence projects to the trivial class in (Cl Z F ) [2] . So if the inequality is tight, then all of the primes of norm 2 which divide D split in H 2 ; so H 2 is a totally real field of degree 10 with at least 2ω 2 (D) primes of norm 2, and the Poitou bounds now yield a contradiction unless ω 2 (D) ≤ 1, whence δ F ≤ 16.058. If the inequality is not tight, then at least one prime of norm 2 does not belong to a square class: this reduces the size of the index [Γ * : Γ 1 ] by (at least) a factor 2, and it improves the bound (4.10) to δ F ≤ 16.312. If h 2 = 0, then m ≤ 2 and also we obtain δ F ≤ 16.312. Taking the maximum of these bounds, the proof is complete.
In this manner we obtain upper bounds for the root discriminant δ F which we refer to as the Odlyzko-Poitou-Armitage-Fröhlich (OPAF) bounds in (4.14). For comparison, we list also the corresponding Odlyzko bounds (and, although we will not use them, the Odlyzko bounds assuming the GRH [24] ).
(4.14) Voight [84] has enumerated all totally real fields of degree at most 10 and small root discriminant, given by the bound ∆ in (4.14). Therefore, we obtain a finite (but long) list of fields to check.
Enumerating orders (2) . Next, we enumerate all possible Eichler orders satisfying the bounds in the previous section.
To that end, let F be a totally real field enumerated in the previous section and continue the assumption that area(X * ) ≤ 23π/6. Equation (4.7) implies
. so N D and hence N N are bounded above by a factor that depends only on F . The set of ideals with bounded norm can be enumerated using standard techniques [22] . The quaternion algebra B is characterized up to isomorphism by the finite set (of even cardinality) of places at which it ramifies. Since our quaternion algebra B must be ramified at all but one real place, it suffices to enumerate the collection of all possible discriminants D for quaternion algebras B over F which satisfy (4.15) . For each such D, we compute the possible squarefree levels N again using (4.15).
Computing the type number and checking for selectivity (3) . Finally, we check each order to see if we obtain an isospectral, nonisometric pair. So let B be a quaternion algebra of discriminant D over F and O ⊂ B an Eichler order of level N enumerated in the previous section. We first check for the existence of a nonisometric pair. From Propositions 2.21 and 2.23, it is necessary and sufficient for the type number t(O) = #T (O) to satisfy t(O) > 1, where T (O) is the collection of isomorphism classes of Eichler orders of level N as defined in section 1. Indeed, if t(O) = 1 then any two Eichler orders of level N will be conjugate, hence their normalizers are conjugate as well, and hence the associated surfaces will be isometric.
By Proposition 1.20, there is a bijection
where Cl (+) (Z F ) is the class group associated to the modulus given by the product of the real ramified places in B. The group on the right in (4.16) can be computed using computational class field theory. We may also verify that these calculations are correct using the algorithms of Kirschmer and Voight [49] : we compute a complete set of right ideal classes of O and compute the set of isomorphism classes amongst their left orders.
Let T (B) denote the type set for the class of maximal orders in B and t(B) = #T (B). Then by (4.16), we have T (O) ≤ T (B) for any Eichler order O ⊂ B. This remark allows us to quickly rule many orders in one stroke, if t(B) = 1.
As it turns out, in our list of orders we always have t(B) ≤ 2. Let O be a group on our list with t(O) = 2, and let O 1 = O and O 2 be representatives of T (O), with associated surfaces X * 1 and X * 2 . It remains to check whether the surfaces X * 1 , X * 2 are in fact isospectral. According to Theorem 2.17, we verify that Γ 1 , Γ 2 are not selective for any conjugacy class. The possible selective conjugacy classes, and their quotient fields L, are given in Theorem 2.20.
Remark 4.17. If we had found an order where t(O) ≥ 4, we still obtain examples if there is no selectivity obstruction. But even more is true: if for example t(O) = 4 and the selective field L in Theorem 2.20 is unique, then there will still be a pair amongst the four surfaces which will be isospectral. If there are multiple selective fields and large type number, then this quickly gets complicated.
We check for a possible selective field L in two ways. The simplest check is to compute the sign matrix associated to a basis of units for Z Let B be the quaternion algebra over F which is unramified at all finite places of F , ramified at four of the five real places, and split at the remaining real place with t → 1.557422 . . .; then B has discriminant D = (1). We take B = −1, b F where b = −w 4 + w 3 + 5w 2 − 2w − 6 satisfies
As usual, we find a maximal order O ⊂ B. The class number with modulus equal to the product of the four ramified real places of F is # Cl (+) Z F = 2; therefore by Proposition 1.20, the class set Cl O is of cardinality 2, with nontrivial class represented by a right O-ideal I of reduced norm b. We see also from Proposition 1.20 that the type number of O is equal to t(O) = 2; let O 1 = O and O 2 be representatives of these classes.
We compute that
i , the first with index 2; the 2-orbifolds X(Γ i ) have area equal to 19π/3 and signature (0; 2 9 , 3). We verify that the groups Γ * i are not selective. We refer to Theorem 2.20. Suppose that g B × is a selective conjugacy class, corresponding to a selective quadratic
Then the conductor of L (as an abelian extension) is equal to the product of the four ramified places in F . We organize this signs of units as follows. Let v 1 , . . . , v r be the real places of F . Then we define the sign map The size of the class group of modulus given by a subset of real places is equal to the corank of the matrix with the corresponding columns deleted; this corank remains 1 for {v 1 }, so no such L exists. We verify this using computational class field theory: the ray class field with this modulus is given by F ( √ u) where u = w 4 − w 3 − 6w 2 + 3w + 8 satisfies u 5 − 4u 4 − 8u 3 + 4u 2 + 4u − 1 = 0; however, F ( √ u) has conductor given by the product of just the real places
Finally, we conclude using Theorem 2.17 that the hyperbolic 2-orbifolds X(Γ 1 ) and X(Γ 2 ) are isospectral but not isometric. We obtain a total of three examples by appropriate choice of the split real place: the argument in the previous paragraph works also for the embeddings t → −0.480942 . . . , −1.915645 . . . .
In this way, we can verify that the orders are not selective. If instead a quadratic subfield L of H (+) exists and embeds into B satisfying the above conditions, we compute further to verify that in fact the orders are selective as follows. We search for a unit γ ∈ Z L such that:
(i) γ has totally positive norm to F ; (ii) R = Z F [γ] satisfies criteria (1) and (2) Given that selectivity has proven to be a delicate issue in past calculations, to illustrate this computational method we consider a particular quaternion algebra of type number 2 and prove that maximal orders of distinct type in this algebra do not give rise to isospectral surfaces. We show that the corresponding orbifolds X 1 and X 2 are not isospectral.
For the record, we note that area(X i ) = 5π/3 and the groups Γ i have signature (0; 2, 2, 2, 3, 3) for i = 1, 2. We compute that the ray class field H (+) with modulus equal to the product of the ramified places is
The field L has conductor equal to this modulus; it follows from Theorem 2.18 that there exists an embedding L → B. By searching as above, we find a (hyperbolic) unit γ ∈ Z × L that satisfies γ 2 − (177228w 2 + 365877w + 57836)γ + 1.
By Theorem 2.19, the order R = Z F [γ] embeds in one of O 1 , O 2 but not both. Therefore the length of the closed geodesic associated to γ lies in the length spectrum of one of X 1 , X 2 but not both, and the two surfaces are not isospectral.
In this manner, we have found the maximal arithmetic Fuchsian groups of minimal area which are isospectral but not isometric: they are the ones of area 23π/6 exhibited in section 3. This concludes the proof of Theorem 4.1.
ISOSPECTRAL BUT NOT ISOMETRIC HYPERBOLIC 2-MANIFOLDS
The search performed in Section 3 is easily adapted in order to find examples of isospectral but not isometric hyperbolic 2-manifolds having small volume; indeed, X(Γ) is a manifold if and only if Γ is torsion free, so we need only add this additional hypothesis to our search, and thereby proving Theorem B.
We maintain the notation in Section 1. In particular, let O be an Eichler order of level N and let
Because the maximal Fuchsian groups Γ * are more likely to have torsion, we consider more generally unitive groups Γ 1 ≤ Γ ≤ Γ + introduced in (1.9). Indeed, in the notation of Section 2, if γ ∈ Γ * ∈ B × /F × has nrd(γ) = a and the order R = Z F [x]/(x 2 − a) embeds in O, then any any group containing Γ will visibly have torsion. This need not happen in every example, but for the cases of small area considered here (such as those arising from algebras of trivial discriminant), in practice this happens very often. So already it is a bit generous to consider groups larger than Γ 1 when looking for isospectral-nonisometric pair of 2-manifold groups. If the group Γ 1 has torsion, then so does any group containing it, so we first check for torsion in the group Γ 1 . The torsion in Γ 1 corresponds in a natural way to embeddings of cyclotomic quadratic fields; see e.g. work of Voight [88, §2] . An embedding R → O of a quadratic Z F -order is optimal if RF ∩ O = R. To begin, we exhibit a pair of compact hyperbolic 2-manifolds of genus 6 which are isospectral but not isometric.
Example 5.2. Let F = Q(t) where t 4 − 5t 2 − 2t + 1 = 0. Then F is a totally real quartic field with discriminant d F = 5744 = 2 4 359, Galois group S 4 , class number # Cl Z F = 1 and narrow class number # Cl + Z F = 2. Let B be the quaternion algebra over F which is ramified at the prime ideal p 13 of norm 13 generated by b = t 3 − t 2 − 4t and three of the four real places, with split place
A maximal order O ⊂ B is given by
O has type number t(O) = 2, so there exists two isomorphism classes of maximal orders O 1 = O and O 2 . Thus X (Lemma 1.14 implies that they have area 10π ) and are isospectral-nonisometric, they do not give rise to a smaller pair of isospectral-nonisometric 2-manifolds as the covering groups Γ + 1 and Γ + 2 are not torsion-free. Indeed, we compute their signatures to be (3; 2, 2).
We obtain a second example by choosing the split real place t → −1.9202 . . ., and since F is not Galois, as in the case of the 2-orbifold pairs 2 and 3, these are pairwise nonisometric.
Theorem 5.5. Let Γ, Γ be torsion-free unitive Fuchsian groups such that the 2-manifolds X(Γ), X(Γ ) are isospectral-nonisometric. Then g(X(Γ)) = g(X(Γ )) ≥ 6 and this bound is achieved by the unique pair of surfaces in Example 5.2, up to isomorphism.
The techniques used to prove Theorem 5.5 are similar to those used in Section 3, though a few additional complications arise due to the larger volume being considered and the fact that the quaternion algebras being considered may not contain any primitive q-th roots of unity for q ≥ 3.
Enumerating the fields. We begin by enumerating the totally real fields F which can support a quaternion algebra B and an Eichler order O ⊂ B such that area(X + ) ≤ 20π. Employing the same techniques that were used in Section 3 yields the following table (compare with (4.14)). Enumerating the orders, computing the type numbers and checking for torsion. Given a totally real field F satisfying the root discriminant bounds in (5.6) we compute all possible quaternion algebras B over F which could contain an Eichler order O for which area(X + ) ≤ 20π. Because of the extremely large number of totally real fields F which need to be considered, we first pare down our list by computing the narrow class number of each field. A large proportion of these fields have narrow class number one, and in fact it is a consequence of an extension of the Cohen-Lenstra heuristics that when ordered by absolute value of discriminant, a positive proportion of all totally real fields will have narrow class number one. The derivation of Proposition 1.20 shows that no isospectral-nonisometric unitive groups can arise from a quaternion algebra defined over a totally real field with trivial narrow class number. (The corresponding Eichler orders will be conjugate causing the corresponding surfaces to be isometric.)
As noted in Section 3, N D and N N can be bounded above by factors which depend only on F , hence this reduces to enumerating certain square-free ideals of bounded norm. This latter enumeration can be done using standard techniques. After performing this enumeration we see that every Eichler order O for which area(X + ) ≤ 20π and t(O) ≥ 2 satisfies N = (1) and is thus a maximal order. Because conjugate maximal orders will produce isometric surfaces, we eliminate all quaternion algebras B of discriminant D which are unramified a unique real place and which have type number 1.
As we are searching for torsion-free unitive groups we must ensure that Γ 1 is torsion-free. We do so by employing Lemma 5.1; that is, we enumerate all quadratic cyclotomic extensions of F and check to see if any embed into B using the Albert-Brauer-Hasse-Noether theorem. As was noted above, the group Γ 1 will be torsion-free if and only if none of these cyclotomic extensions embed into B.
After ruling out all unitive groups containing a subgroup Γ 1 which contains elements of finite order we see that the only groups remaining are the ones which were considered in Example 5.2. This concludes the proof of Theorem 5.5.
ISOSPECTRAL BUT NOT ISOMETRIC HYPERBOLIC 3-MANIFOLDS AND ORBIFOLDS
In this section we exhibit examples of hyperbolic 3-orbifolds and 3-manifolds that are isospectral but not isometric. Note that by the Mostow-Prasad Rigidity Theorem these orbifolds will have nonisomorphic fundamental groups. Our method follows in the same vein as the previous two sections, but requires greater computational effort.
Minimal examples. We begin by exhibiting the minimal isospectral 3-orbifolds and manifolds. We also find that
and that the groups Γ * 1 , Γ * 2 can be generated by 4 elements: one has relations γ
1 γ 4 γ 3 = 1 but we warn the reader that there is nothing canonical about these presentations-we have merely simplified the presentation as much as we can.
Fundamental domains for these two groups are exhibited in Figure 6 .2. We thank Aurel Page for computing the group presentations and fundamental domains for these examples using his MAGMA package [65] . We now prove Theorem C, which restate for convenience. Proof. Let F be a number field of degree n which possesses a unique complex place. As in [28] we will call such a field an almost totally real (ATR) field. Let B be a quaternion algebra over F of discriminant D which is ramified at all real places of F . Lemma 1.14 and (1.21), along with the estimates ζ F (2) ≥ 1 and
We claim that the degree n of F satisfies n ≤ 8. Suppose for instance that n = 9. By combining the estimates m ≤ n and Φ(D) ≥ 1 with the equation (6.5) we see that δ F ≤ 15.142. We now apply the Odlyzko bounds to the narrow class field of F , a number field of degree at least 2 m−1 hn (and some signature), where h is the class number of F . In this case the Odlyzko bounds imply that a number field of degree at least 2 3 n has root discriminant at least 15.356. This implies that m ≤ 3, hence δ F ≤ 11.125 by (6.5). Repeating this argument shows that m ≤ 2 and δ F ≤ 10.568. Because the algebra B is ramified at all 7 real places of F , it follows that B must ramify at some finite prime of F . The discriminant bounds of Odlyzko and Poitou show that if F contains a prime of norm less than 9 then δ F ≥ 10.568, hence B is ramified at some prime of norm at least 9. This implies that Φ(D) ≥ 8 so that another application of (6.5) shows that δ F ≤ 9.059. This is a contradiction as the Odlyzko bounds show that F must have root discriminant δ F ≥ 10.138.
In this manner we also obtain upper bounds for the root discriminant δ F in the cases in which 2 ≤ n ≤ 8, which we refer to as the Odlyzko-Poitou-Armitage-Fröhlich (OPAF) bounds in (6.6). For the convenience of the reader we also list the Odlyzko bound (both unconditional and the bound conditional on GRH) for an ATR field of degree n. ATR fields of degree 2 are easy to enumerate (corresponding to negative fundamental discriminants); cubic ATR fields can be very efficiently enumerated by an algorithm due to Belabas [5] . For degrees n = 4, 5, existing tables [54] would be sufficient; but for completeness we enumerate fields in degrees 4 ≤ n ≤ 8 with root discriminant δ ≤ ∆ as in the above table.
Techniques for enumerating number fields are standard, relying on the geometry of numbers (Hunter's theorem): for a description and many references, see the book by Cohen [23, §9.3] and further work of Klüners and Malle [50] . We define the Minkowski norm on a number field F by T 2 (α) = n i=1 |α i | 2 for α ∈ F , where α 1 , α 2 , . . . , α n are the conjugates of α in C. The norm T 2 gives Z F the structure of a lattice of rank n. In this lattice, the element 1 is a shortest vector, and an application of the geometry of numbers to the quotient lattice Z F /Z yields the following result. where γ n−1 is the (n − 1)th Hermite constant.
Therefore, if we want to enumerate all number fields F of degree n with δ F ≤ ∆, an application of Hunter's theorem yields α ∈ Z F \ Z such that T 2 (α) ≤ C for some C ∈ R >0 depending only on n, ∆. We thus obtain bounds on the power sums
and hence bounds on the coefficients a i ∈ Z of the characteristic polynomial
(x − α i ) = x n + a n−1 x n−1 + · · · + a 0 of α by Newton's relations:
a n−1 S k−i + ka n−k = 0.
This then yields a finite set of polynomials f (x) ∈ Z[x] such that every F is represented as Q[x]/(f (x)) for some f (x). Additional complications arise from the fact that α as given by Hunter's theorem may only generate a subfield Q ⊂ Q(α) F if F is imprimitive. The size of the set of resulting polynomials is O(∆ n(n+2)/4 ) (see Cohen [23, §9.4 
]).
We highlight three techniques that bring this method within range of practical computation. The first is due to Pohst [66] : choosing a possible value of (nonzero) a 0 ∈ Z with |a 0 | 2 ≤ (C/n) n (using the arithmetic-geometric mean inequality), we use an efficient form of the method of Lagrange multipliers to obtain further bounds on the coefficients a i .
Second, and more significantly (especially so in larger degree), we use a modified version of the method involving Rolle's theorem [83, §2.2] , adapted for use with ATR fields. Given values a n−1 , a n−2 , . . . , a n−k for the coefficients of f (x) for some k ≥ 2, we deduce bounds for a n−k−1 . For simplicity, we explain the method for k = n − 1; the method works more generally whenever a derivative f (k) is ATR. Since f (x) is ATR and separable, by Rolle's theorem it follows that there is a real root of f (x) between any two consecutive real roots of f (x), so there are at least n − 3 real roots of f (x); but the converse holds as well: if there are exactly n − 3 real roots β 1 < · · · < β n−3 of f (x), then the n − 2 real roots of f (x) must be interlaced with the real roots of f (x). Since f = g(x) + a 0 is monic, it follows that f (β n−3 ) < 0, f (β n−4 ) = g(β n−4 ) + a 0 > 0, etc. and knowing g(x) and the roots β i gives bounds on a 0 . This simple trick (which can be implemented quite efficiently) eliminates consideration of a large range of coefficients.
Finally, using the fact that the number of real roots is a continuous function of the coefficients and changes in a (real) one-parameter family only when the discriminant changes sign, we can quickly advance out of coefficient regions which are not ATR.
The computations were performed on a standard desktop machine except for n = 8, where the computations were hosted graciously at the Vermont Advanced Computing Center (VACC); approximate timings are given in Table 6 .6.
To conclude the proof of Theorem 6.4 we proceed exactly as in the proofs of Theorems 4.1 and 5.5: we enumerate all unitive Kleinian groups Γ with covol(Γ) ≤ 2.835 (via (1.21) and Lemma 1.14) and confirm that in each case the type number of the associated quaternion algebra B is equal to one or else employ Theorem 2.19 to exhibit a selectivity obstruction which precludes the possibility of isospectrality.
Remark 6.9. We briefly comment on what would be needed to extend Theorem 6.4 to maximal arithmetic Kleinian groups. The difficulty in carrying out such an extension is due to Proposition 1.16: one must determine an upper bound for what is essentially #(Cl Z F ) [2] . One approach is to observe that #(Cl Z F ) [2] is less than the class number # Cl Z F of F , which can be bounded above by means of the class number formula by using a lower bound for the regulator of F (for instance that of Friedman [36] ) along with an upper bound for the residue at s = 1 of the Dedekind zeta function of F (for instance that of Louboutin [56] ). Even if one assumes the GRH and Dedekind's conjecture in order to take advantage of the strongest version of the aforementioned bounds as well as the Odlzyko-Poitou bounds, we still find that all ATR fields of degree 8 and root discriminant δ F ≤ 11.845 and degree 9 and root discriminant δ F ≤ 11.467 must be enumerated. Unfortunately carrying out such large enumerations is not currently feasible. See Remark 6.12 below.
We note that one way to circumvent many of the aforementioned difficulties and obtain an unconditional result would be to obtain good bounds for the dimension over F 2 of the homology group H 1 (M ; F 2 ), where M is a closed, orientable hyperbolic 3-orbifold. When M is a closed, orientable, hyperbolic 3-manifold with volume less than 3.08, Culler and Shalen [26] have proven that dim F 2 H 1 (M ; F 2 ) ≤ 5; several similar results of this kind are also known [27, 2] . Shalen [74] is currently working on extending this result to 3-orbifolds and hopes to show bounds of the same type for a closed, orientable hyperbolic 3-orbifold. Such a bound would allow for a short proof that there are no representation equivalent-nonisometric maximal arithmetic Kleinian groups with volume less than the bound provided in such a theorem.
Some remarks on Theorem D. Although our searches were extensive only in low ranges, it would not be unreasonable to hope that the isospectral-nonisometric 3-manifolds described in Example 6.3 are in fact the smallest volume isospectral-nonisometric 3-manifolds arising from unitive Kleinian groups. Indeed, we have searched through all ATR fields of degree at most 7 and absolute value of discriminant at most 10 6 and have been unable to find any smaller volume examples. In this section we will provide root discriminant bounds on the field of definition of a pair of isospectral-nonisometric 3-manifolds arising from arithmetic unitive Kleinian groups having volume less than 39.241. Due to the difficulty of actually enumerating these ATR fields however, we are unable to prove that our example is in fact the best possible.
As for 3-orbifolds, we let F be an ATR field of degree n and B be a quaternion algebra defined over F of discriminant D which ramifies at all real places of F . If Γ + arises from B and satisfies vol(X(Γ + )) ≤ 39.241 then the same estimates used in the derivation of (6.5) show (6.10) δ F ≤ (11.595)(0.996) 1/n (1.588) m/n .
Using the same ideas that were used in the proof of Theorem 6.4 to show that the defining field had degree at most 8, we easily see that in our current situation we have n ≤ 10. When 2 ≤ n ≤ 10 we have the following root discriminant bounds for F : (6.11) Remark 6.12. A Hunter search for number fields of degree n with root discriminant at most ∆ currently require checking O(∆ n(n+2)/4 ) polynomials, and it would be very interesting to find a method in moderate degree n > 6 which is an improvement on this upper bound (work of Ellenberg-Venkatesh [35] gives some theoretical evidence that this may be possible)-the many existing tricks seem only to cut away at the constant. (Note that this bound is sharp for n = 2.) The slight increase in the bounds in Table 6 .11 over those in Table 6 .6 are in fact quite prohibitive to compute in practice: for example, in degree 8 we expect to have to work (13.784/10.5) 20 ≈ 231 as hard, and for degrees 9, 10 we expect truly significant efforts will be required. We hope instead that recent techniques in the understanding of 3-manifolds can be brought to bear on this problem. 
